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"Essentially, all models are wrong, but some are useful" 

- George E.P. Box 
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Nomenclature 

𝑎𝑎1, 𝑎𝑎2 and 𝑎𝑎3 are the direction cosines which are a function of stress invariants 

𝐵𝐵 is the projected blade width on the vertical surface 

𝐵𝐵𝐵𝐵𝐵𝐵 is the blade rotation number 

𝑐𝑐 is the concentration of a component 

𝐶𝐶𝐶𝐶𝑏𝑏, is the facet contact point 

𝐷𝐷∗ is the effective diffusion coefficient  

𝑑𝑑𝑝𝑝 is the (spherical) particle diameter 

𝐹𝐹𝑐𝑐  is the contact force  

𝐹𝐹𝑐𝑐𝑐𝑐,𝑖𝑖𝑖𝑖 and 𝐹𝐹𝑑𝑑𝑐𝑐,𝑖𝑖𝑖𝑖 are contact forces 

𝐹𝐹𝑐𝑐𝑐𝑐,𝑖𝑖𝑖𝑖 and 𝐹𝐹𝑑𝑑𝑐𝑐,𝑖𝑖𝑖𝑖 are viscous contact damping forces 

𝐹𝐹𝑑𝑑 dashpot component of the contact force 

𝐹𝐹𝑙𝑙  linear component of the contact force 

𝐹𝐹𝑐𝑐𝑑𝑑 is the normal component of the dashpot force 

𝐹𝐹𝑐𝑐𝑙𝑙 is the normal component of the linear contact force 

�𝐹𝐹𝑐𝑐𝑙𝑙�0 is the linear normal force at the beginning of the timestep 

𝐹𝐹𝑠𝑠𝑙𝑙  is the shear component of the linear contact force 

𝐹𝐹𝑠𝑠𝑑𝑑 is the shear component of the dashpot force 

�𝐹𝐹𝑠𝑠𝑙𝑙�0 is the linear shear force at the beginning of the timestep 

𝑔𝑔 is the gravitational constant 

𝑔𝑔𝑠𝑠 is the surface gap  
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𝑔𝑔𝑐𝑐 is the contact gap 

𝑔𝑔𝑟𝑟 is the reference gap 

𝐺𝐺 is the clearance of the blade from the bed 

𝐼𝐼𝑖𝑖 is the moment of inertia of particle 𝑖𝑖 

𝑘𝑘𝑐𝑐 is the normal spring stiffness 

𝑘𝑘𝑠𝑠 is the shear spring stiffness 

𝐿𝐿𝑏𝑏 is the blade length 

𝑀𝑀𝑐𝑐 is the contact moment 

𝑚𝑚𝑐𝑐 = 𝑚𝑚(1)𝑚𝑚(2)

𝑚𝑚(1)+𝑚𝑚(2) , where:  𝑚𝑚(𝑏𝑏) is the mass of body (𝑏𝑏) 

𝑚𝑚𝑖𝑖 is the mass of particle 𝑖𝑖 

𝑀𝑀𝑖𝑖𝑖𝑖 are the rolling friction torques that oppose the rotation of particle 𝑖𝑖 

𝑀𝑀𝑂𝑂 is mass flow over the blade 

𝑀𝑀𝑇𝑇  is total mass flow 

𝑀𝑀𝑈𝑈 is mass flow under the blade 

𝑛𝑛�𝑐𝑐  contact-plane normal direction 

𝐵𝐵𝑑𝑑 is the rotational speed of the blades during penetration 

𝐵𝐵𝑇𝑇 is the total normal stress (in the direction of the velocity gradient) 

𝐵𝐵𝑢𝑢 is the rotational speed of the blades during retrieval  

�̂�𝑠𝑐𝑐 contact-plane coordinate system (s-axis) 

𝑡𝑡 is time 

�̂�𝑡𝑐𝑐 contact-plane coordinate system (t-axis) 
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𝑇𝑇𝑖𝑖𝑖𝑖 are torques generated by tangential forces causing particle 𝑖𝑖 to rotate  

𝑡𝑡𝑁𝑁 is mean stress  

𝑡𝑡𝑠𝑠 is deviatoric stress  

𝑡𝑡1, 𝑡𝑡2 and 𝑡𝑡3 are principal stress values respectively 𝑎𝑎1𝜎𝜎1, 𝑎𝑎2𝜎𝜎2 and 𝑎𝑎3𝜎𝜎3  

𝑢𝑢 is the velocity in the direction of flow 

𝑈𝑈𝑏𝑏𝐵𝐵,𝑊𝑊 is the contact overlap 

𝑉𝑉𝑏𝑏 is the blade speed 

𝑉𝑉𝑑𝑑 is the mixing blade penetration velocity 

𝑉𝑉𝑖𝑖 is the translational velocity of particle 𝑖𝑖 

𝑉𝑉𝑢𝑢 is the mixing blade retrieval velocity 

𝑊𝑊𝐶𝐶𝑏𝑏 is the wall contact point 

𝑧𝑧 is the coordinate measured along the axis of the mixer from one end 

𝛽𝛽𝑐𝑐 is the normal critical damping ratio 

𝛽𝛽𝑠𝑠 is the shear critical damping ratio 

Δ𝛿𝛿𝑐𝑐 is the normal relative displacement 

Δ𝛿𝛿𝑠𝑠 is the shear relative displacement 

𝛿𝛿�̇�𝑐 is the relative normal translational velocity 

𝛿𝛿�̇�𝑠 is the relative shear translational velocity 

𝑑𝑑𝜀𝜀𝑁𝑁∗ is strain increment normal to the reference plane  

𝑑𝑑𝜀𝜀𝑠𝑠∗ is strain increment parallel to the reference plane 

Δ𝑡𝑡 is a timestep 
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𝜙𝜙 is the angle of inclination of the blade from the horizontal 

𝜂𝜂 is the internal angle of friction for particle-particle contacts 

𝜂𝜂𝑓𝑓 is the external angle of friction for particle-to-bed contacts 

𝜂𝜂𝑤𝑤 is the external angle of friction for particle-blade contacts 

𝜗𝜗 = rate of deformation 

𝐵𝐵 = 1−𝑟𝑟02

1+𝑟𝑟02
, 𝑟𝑟0  =  𝜗𝜗 /𝜛𝜛   

𝐵𝐵∗ = �𝜌𝜌𝑝𝑝 𝑑𝑑𝑝𝑝2 �̇�𝛾2�
𝑁𝑁𝑇𝑇

  

𝜌𝜌𝑝𝑝 is the particle density 

∑𝑀𝑀 is the total number of mixing blades 

𝜇𝜇 is the friction coefficient 

𝛾𝛾 = 𝜌𝜌 (1 - 𝜀𝜀) 𝑔𝑔 is the bulk specific weight of the bed with 𝜀𝜀 and 𝜌𝜌 representing porosity of the bed 

and density of the particles respectively 

𝜔𝜔𝑖𝑖 is the rotational velocity of particle 𝑖𝑖 

𝜛𝜛 = rate of rotation 

�̇�𝛾 is the rate of shear 
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1. Introduction 

Ground improvement technologies are used extensively in the civil engineering and building 

industries to engender higher strength, lower compressibility or improvement of other 

engineering properties into native soils for the purposes of accommodating greater load or 

achieving a greater level of serviceability for a structure than would have otherwise been possible. 

Success of these methods are prevalent in Japan, the United States of America, Scandinavia, Great 

Britain and Ireland [1, 2, 3], having been pioneered initially and independently in Japan and 

Scandinavia. The methods find particular use in infrastructure development, for example in 

improving soft ground under road embankments.  

In extensive and deep deposits of soft ground, deep soil mixing, traditionally encompassing the 

mechanical agitation of ground with the addition of a cementitious or lime binder, is commonplace 

as an improvement method. The chemical processes of binder introduction, (i.e. hydration & 

subsequent production of primary & secondary cementitious by-products, ion exchange & 

flocculation, pozzolanic reaction and carbonation), are well understood with well-defined 

relationships between the volume of binder introduced and the strength and/or stiffness increase 

(for a given binder type or blend). The general research focus within the civil engineering 

community has been on engineering properties of mixed soils, encapsulation of contaminants, 

field & laboratory testing to inform mixing designs and execution, monitoring & control [4]. 

However, the physical mechanisms of the mixing processes are not well understood outside of 

empirical measures and industry best practice.  

Current industry practice defines the “mixing process” as involving mechanical disaggregation of 

the soil structure and dispersion of binders & fillers in the soil. This is undertaken by use of a 

“mixing tool” defined as a tool used to disaggregate the soil, distribute and mix the binder with 

the soil, consisting of one or several rotating units equipped with several blades, arms, paddles 

with/without continuous or discontinuous flight augers.  

Deep mixing is executed by mechanical disaggregation of the soil using mainly vertical movement 

of rotating mixing unit(s) and introduction of a binder, which is homogenised with the soil during 
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the penetration and/or retrieval. The execution of deep mixing can be carried out either by dry or 

wet mixing. In the dry mixing method, the medium of transportation of the binder is normally 

compressed air. In the wet mixing method, the medium of transportation of the binder is normally 

water. Control of this process is through the Blade Rotation Number – effectively a measure of the 

number of rotations of the blade / arm / paddle per metre depth of soil treated. The Blade Rotation 

Number itself is a function of the number of blades, penetration & retrieval speed of the tool and 

rate of revolution of the blade(s).  

The focus of this study will be the fundamental parameters that affect the mixing process and, 

specifically, the disaggregation of the native soil through examination of the mechanisms of a body 

of granular particles by use of Discrete Element Modelling – a means to model arrangements and 

interactions of granular particles explicitly as individual particles. This is distinct from traditional 

soil mechanics approaches which have, in general, tended to treat soils as a continuum, accounting 

for what Muir-Wood [5] referred to as “particle-continuum duality”. The trend of increase in 

commercially available computational power has given rise to a corresponding rise in Discrete 

Element Modelling and associated commercially available software which until recently, had been 

beyond nominally available computing power. This has been a particular focus in the powder 

technology, food & agricultural industries and chemical engineering fields. Figure 1.1 below, 

extracted from Zhu et al. [6], presents a graphical representation of this.  

 

Figure 1.1 - Publications relating to discrete element modelling in recent years 
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In this study, a particular arrangement of particles, representing the native soil, in conjunction with 

a particular mixing tool geometry is examined. The author is not aware of any published work that 

has expressly examined these aspects. The studied parameters include Blade Rotation Number 

and rake angle of the blades as being directly involved in the agitation of the particles. Other 

aspects of the mixing process such as introduction of binder (either wet or dry), variable 

penetration rate and tool retrieval are not considered in order to limit the scope of the study. 

Particle tracing is used to develop an understanding of the spatial behaviour of individual particles 

during the mixing increment.  

The study was undertaken using Itasca’s PFC commercially available software for discrete element 

modelling. In part fulfilment of the course requirements, workable code was developed in order 

to produce and run the model. The code was developed in the FISH language associated with the 

software in the generation of the model geometries including the arrangement of granular 

particles. The mixing tool was developed as a three-dimensional element in Mathematica® and 

latterly imported into the PFC code via the FISH language. 

It is hoped that the study will shed some light on the governing disaggregation / mixing 

mechanisms to allow a better understanding of the parameters affecting the soil mixing process 

as well as providing a base to extend further study of the limitations already outlined. A summary 

of the work undertaken is as follows:  

Chapter 2 introduces current understanding of mixing mechanisms, flow type and the effects of 

rheology on the quality of the mixture. It also looks at rapidity of shear flow in governing the 

behaviour of shear flow and summarises mathematical representations of particle flow and three-

dimensional shear failure.  

Chapter 3 introduces the contact mechanics and the Discrete Element Method as the background 

concepts of the study. Discussion is presented on allowance for rolling friction in discrete element 

modelling. A particular discussion is presented on mixing with flat blades and particular 

characteristics of particle flow observed with bladed mixers in Discrete Element Method 

simulations.  
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Chapter 4 outlines the model development, its practical background and summarises the FISH 

code used to setup and run the simulations.  

Chapter 5 presents the results of the parametric study and outlines the qualitative observations 

arising from it. The observations are made from observations of particles movement, velocity and 

wall contact force. Qualitative conclusions are presented rather than quantitative. It is proposed 

that further study would be required in order to have a high measure of confidence of any 

quantitative measurements. It is, however, considered that the qualitative observations provide 

useful insight.  

Chapter 6 summarises some conclusions from the study and proposes topics for further study in 

addition to outlining the limitations of this study.  
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2. Mathematics of flow and mixing mechanisms 

2.1. Rapidity of shear flow 

As noted by Kesava Rao and Nott [7], currently there is no set of constitutive equations that are 

valid over the entire range of densities and velocities encountered for planar flow of granular 

materials but distinction can be made between regimes of slow flow and rapid flow. Slow flow is 

characterised by a high solids fraction where the interparticle forces last a comparatively long 

time. Rapid flow, by contrast, is characterised by a low solids fraction and momentum transfer 

mainly via collisions between particles and free flight of particles between collisions. In rapid flow, 

the particles are always in fluctuational motion and momentum transfer tends to introduce 

streaming of particles in conjunction with interparticle collisions.  In understanding this, Savage 

and Hutter [8] propose a value 𝐵𝐵∗ to represent the ratio of collisional normal stress to the total 

normal stress in the direction of the velocity gradient, as follows:  

𝐵𝐵∗ =
�𝜌𝜌𝑝𝑝 𝑑𝑑𝑝𝑝

2 �̇�𝛾2�
𝐵𝐵𝑇𝑇

 

Where:  𝜌𝜌𝑝𝑝 is the particle density 

  𝑑𝑑𝑝𝑝 is the (spherical) particle diameter 

  �̇�𝛾 is the rate of shear 

  𝐵𝐵𝑇𝑇 is the total normal stress (in the direction of the velocity gradient) 

It is noted however that it is difficult to measure or estimate 𝐵𝐵𝑇𝑇 and, in addition, actual shear rate 

may vary significantly from nominal shear rate (i.e. the shear rate applied) as all of the material 

may not be shearing.  

2.2. Rheology and flow types 

Larsson [9] presents a neat summary of flow classification as it relates to material rheology. Soil 

materials framed in rheological terms (i.e. in consideration of flow and deformation properties) 
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can broadly be considered as either non-Newtonian or viscoelastic in determination of the type of 

flow. Lindley [10] represented this as a dimensionless number R as follows:  

𝐵𝐵 =
1 − 𝑟𝑟02

1 + 𝑟𝑟02
 

Where:  𝑟𝑟0  =  𝜗𝜗 /𝜛𝜛 

  𝜗𝜗 = rate of deformation 

  𝜛𝜛 = rate of rotation 

Based on the ratio r0, flow is either hyperbolic (0 < R < 1) or elliptical (-1 < R < 0) with limiting 

conditions of pure shear flow (R = 1), simple shear flow (R = 0) and pure rotational flow (R = -1). It 

is noted by Larsson [9] that mixing of a non-Newtonian fluid may induce a combination of all flow 

types. It is further noted that as rheological behaviour of the material depends on the types of 

flow, different parts of a mixture may express different rheological behaviour. It follows that the 

mixing process induces very complex behaviour, analogous to that of viscous fluids in expressing 

laminar and turbulent flow behaviours.  

As noted by Massoudi [11], granular materials express both the properties of a solid and a fluid. 

For example, granular particles can take the shape of a vessel containing them thus exhibiting 

fluid-like behaviour. The corollary is that the same body of granular particles could be heaped thus 

behaving like a solid being able to sustain shear stress in the absence of shear deformation.  

In consideration of dry solids (largely the focus of this study), according to Perry et al. [12] three 

mechanisms define the behaviour of solid particles during mixing. These are diffusion, convection 

and shearing. Here a distinction is made between small-scale motion and large-scale motion. 

Small-scale motion promotes diffusive mixing which occurs when individual particles are given 

greater internal mobility and are re-distributed over a freshly developed surface. Large-scale 

motion promotes convective and shear mechanisms wherein larger groups of particles are 

mobilised. Perry et al. [12] also note that the rapidity of the mixing process is influential – more 

rapid mixing tends to promote convective and shearing mechanisms in addition to diffusive mixing.  
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2.3. Mathematical models 

2.3.1. Diffusion model 

As noted by Bridgwater [13], Fick’s diffusion equation is common in the literature for models 

describing mixing behaviour. The model describes axial movement of particles as follows:  

𝜕𝜕𝑐𝑐(𝑧𝑧, 𝑡𝑡)
𝜕𝜕𝑡𝑡

= 𝐷𝐷∗ 𝜕𝜕
2𝑐𝑐(𝑧𝑧, 𝑡𝑡)
𝜕𝜕𝑧𝑧2

 

Where:  𝐷𝐷∗ is the effective diffusion coefficient  

  𝑐𝑐 is the concentration of a component 

  𝑧𝑧 is the coordinate measured along the axis of the mixer from one end 

  𝑡𝑡 is time 

The value of 𝐷𝐷∗ is dependent on the mixed material, mixer size, blade geometry and mixer speed. 

As noted by Nakamura [14], the time component 𝑡𝑡 can be considered directly as the number of 

revolutions of the mixer.   

2.3.2. Diffusion – convection model  

According to the work of Hwang and Hogg [15], who examined the mixing of powders flowing over 

an inclined surface, convection can be accounted for by adding a term for drift velocity to the 

diffusion equation as follows:  

𝜕𝜕𝑐𝑐(𝑧𝑧, 𝑡𝑡)
𝜕𝜕𝑡𝑡

= 𝐷𝐷∗ 𝜕𝜕
2𝑐𝑐(𝑧𝑧, 𝑡𝑡)
𝜕𝜕𝑧𝑧2

+ 𝑢𝑢
𝜕𝜕𝑐𝑐(𝑧𝑧, 𝑡𝑡)
𝜕𝜕𝑧𝑧

 

Where:  𝑢𝑢 is the velocity in the direction of flow 

2.3.3. Convection (or distributive mixing) 

Distributive mixing is a conceptual model of blending striated mixtures. Figure 2.1 below shows 

the process, extracted from Edwards [16]. A mathematical model can be generated for any mixing 

arrangement which will follow a power law between the striation thickness and number of cycles.  
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Figure 2.1 - Conceptual model of distributive mixing  

2.3.4. Shearing  

The development of a shear failure surface in a soil body has consistently been a primary focus of 

soil mechanics research efforts. There are many yield criteria in the literature, however few deal 

in a consistent fashion with three-dimensional stress-strain behaviour of soils according to 

Nakai[17]. One such model is the tij concept proposed by Nakai and Matsuoka [18] based on the 

so-called spatially mobilised plane (shown as the shaded green area in Figure 2.2). The stress 

parameters and strain increment invariants in the tij concept are defined as the normal and parallel 

components of the stress tensor tij and the strain increment to the spatially mobilised plane. So 

mean stress (𝑡𝑡𝑁𝑁) & deviatoric stress (𝑡𝑡𝑠𝑠) and strain increment normal to the reference plane (𝑑𝑑𝜀𝜀𝑁𝑁∗) 

& strain increment parallel to the reference plane (𝑑𝑑𝜀𝜀𝑠𝑠∗) can be defined under the tij concept as 

follows, with reference to the notation presented in Figure 2.2 (extracted from Nakai [19]) giving 

the yield surface as shown in Figure 2.3 (from Nakai [19]):  
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𝑡𝑡𝑁𝑁 = 𝑂𝑂𝐵𝐵���� = 𝑡𝑡1𝑎𝑎1 + 𝑡𝑡2𝑎𝑎2 + 𝑡𝑡3𝑎𝑎3 = 𝑡𝑡𝑖𝑖𝑖𝑖𝑎𝑎𝑖𝑖𝑖𝑖 

 

𝑡𝑡𝑠𝑠 = 𝐵𝐵𝑇𝑇���� = �𝑡𝑡12 + 𝑡𝑡22 + 𝑡𝑡32 − (𝑡𝑡1𝑎𝑎1 + 𝑡𝑡2𝑎𝑎2 + 𝑡𝑡3𝑎𝑎3)2 = �𝑡𝑡𝑖𝑖𝑖𝑖𝑡𝑡𝑖𝑖𝑖𝑖 − �𝑡𝑡𝑖𝑖𝑖𝑖𝑎𝑎𝑖𝑖𝑖𝑖�
2
 

 

𝑑𝑑𝜀𝜀𝑁𝑁∗ = 𝑂𝑂′𝐵𝐵′������ = 𝑑𝑑𝜀𝜀1𝑎𝑎1 + 𝑑𝑑𝜀𝜀2𝑎𝑎2 + 𝑑𝑑𝜀𝜀3𝑎𝑎3 = 𝑑𝑑𝜀𝜀𝑖𝑖𝑖𝑖𝑎𝑎𝑖𝑖𝑖𝑖 

 

𝑑𝑑𝜀𝜀𝑠𝑠∗ = 𝐵𝐵′𝑇𝑇′������ = �𝑑𝑑𝜀𝜀12 + 𝑑𝑑𝜀𝜀2
2 + 𝑑𝑑𝜀𝜀3

2 − (𝑑𝑑𝜀𝜀1𝑎𝑎1 + 𝑑𝑑𝜀𝜀2𝑎𝑎2 + 𝑑𝑑𝜀𝜀3𝑎𝑎3)2 = �𝑑𝑑𝜀𝜀𝑖𝑖𝑖𝑖𝑑𝑑𝜀𝜀𝑖𝑖𝑖𝑖 − �𝑑𝑑𝜀𝜀𝑖𝑖𝑖𝑖𝑎𝑎𝑖𝑖𝑖𝑖�
2

 

 

Where:  𝑎𝑎1, 𝑎𝑎2 and 𝑎𝑎3 are the direction cosines which are a function of stress invariants 

𝑡𝑡1, 𝑡𝑡2 and 𝑡𝑡3 are principal stress values respectively 𝑎𝑎1𝜎𝜎1, 𝑎𝑎2𝜎𝜎2 and 𝑎𝑎3𝜎𝜎3 in line with 

the notation in Figure 2.2 

 

Figure 2.2 - Definition of stress and strain tensors under the tij concept 



A. O’Brien                                                      A simplified parametric study of particle trace in soil mixing simulations using discrete element modelling 

10 

 

Figure 2.3 - Yield surface model from the tij concept in principal and tensor stress space  

2.3.5. Other mechanisms and considerations 

As noted by Nakamura [14], stochastic models, based in Markov chain models, have been 

proposed in the literature. Separately, the Discrete Element Method will be discussed in detail in 

the next chapter.  

Bridgwater [13] notes a series of microscopic mechanisms which are understood to occur but are 

too complex to account for in models. These include segregation and free-surface segregation 

arising from the trajectories of particles with different sizes and velocities. In addition to this, 

particles can also segregate from percolation (of fine particles) and by extraneous influences, for 

example, vibration-induced segregation causing the rise of coarser particles.  

Aspects of agglomeration, mainly pertaining to fine particles, include surface tension, electrostatic 

forces, van der Waal’s forces, steric forces, plastic welding, cementation, mechanical interlocking 

and temperature effects.  
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3. Discrete element modelling for mixing of granular materials 

3.1. Solutions for contact forces 

In consideration of a body of interacting particles, the fundamental aspects are contact detection 

and contact resolution. As noted by O’Sullivan [20], detection is the tracking of contacting (and 

potentially contacting) particles. Resolution is accurate calculation of the contact geometry and 

kinematics and subsequent reconciliation of force-displacement relationship based on some 

constitutive model of contact. The simplest constitutive model is the linear model for unbonded 

particles.  

3.1.1. The linear model 

Based on Itasca [21], from which Figure 3.1 is extracted, the linear model resolves contact force 

(𝐹𝐹𝑐𝑐) into linear (𝐹𝐹𝑙𝑙) and dashpot (𝐹𝐹𝑑𝑑) components as follows, where contact moment equals zero 

(𝑀𝑀𝑐𝑐 ≡ 0):  

𝐹𝐹𝑐𝑐 = 𝐹𝐹𝑙𝑙 + 𝐹𝐹𝑑𝑑 

In the spring and dashpot model, these are resolved into normal & shear force components 

denoted 𝐹𝐹𝑐𝑐𝑙𝑙 & 𝐹𝐹𝑠𝑠𝑙𝑙  and 𝐹𝐹𝑐𝑐𝑑𝑑 & 𝐹𝐹𝑠𝑠𝑑𝑑 for the linear and dashpot forces respectively. 𝑘𝑘𝑐𝑐 & 𝑘𝑘𝑠𝑠 and 𝛽𝛽𝑐𝑐 &  

𝛽𝛽𝑠𝑠 denote respectively the normal & shear stiffness and normal & shear critical damping ratios. 

Slip is accommodated by imposing a Coulomb limit on the shear force using the friction coefficient, 

𝜇𝜇. The linear component provides linear elastic frictional behaviour and the dashpot component 

provides viscous behaviour. Both components act over a vanishingly small area, and thus transmit 

only a force. 

Contacts are detected through the surface gap (𝑔𝑔𝑠𝑠), defined as the difference between the contact 

gap (𝑔𝑔𝑐𝑐) and the reference gap (𝑔𝑔𝑟𝑟). The contact becomes active when the surface gap is less than 

or equal to zero resulting in a contact plane as shown in Figure 3.2 below, also extracted from 

Itasca [21]. When the contact is active the force-displacement law is engaged.  
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Figure 3.1 - Components of the linear model and surface gap for linear-based models 

 

Figure 3.2 - Definition of the contact plane 

In terms of the force-displacement law, for a given timestep Δ𝑡𝑡, relative normal & shear 

displacements are given by, respectively, Δ𝛿𝛿𝑐𝑐 & Δ𝛿𝛿𝑠𝑠. So, with reference to Figure 3.3 (extracted 

from Itasca [21]), the linear normal and shear force increments are given by:  

𝐹𝐹𝑐𝑐𝑙𝑙 = �𝐹𝐹𝑐𝑐𝑙𝑙�0 + 𝑘𝑘𝑐𝑐Δ𝛿𝛿𝑐𝑐 

𝐹𝐹𝑠𝑠𝑙𝑙 = �𝐹𝐹𝑠𝑠𝑙𝑙�0 − 𝑘𝑘𝑠𝑠Δ𝛿𝛿𝑠𝑠 

And the linear normal and shear dashpot increments is given by:  
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𝐹𝐹𝑐𝑐𝑑𝑑 = �2𝛽𝛽𝑐𝑐�𝑚𝑚𝑐𝑐𝑘𝑘𝑐𝑐�𝛿𝛿�̇�𝑐 

𝐹𝐹𝑠𝑠𝑑𝑑 = �2𝛽𝛽𝑠𝑠�𝑚𝑚𝑐𝑐𝑘𝑘𝑠𝑠�𝛿𝛿�̇�𝑠 

Where:  �𝐹𝐹𝑐𝑐𝑙𝑙�0 is the linear normal force at the beginning of the timestep 

�𝐹𝐹𝑠𝑠𝑙𝑙�0 is the linear shear force at the beginning of the timestep 

  𝑚𝑚𝑐𝑐 = 𝑚𝑚(1)𝑚𝑚(2)

𝑚𝑚(1)+𝑚𝑚(2) 

  𝑚𝑚(𝑏𝑏) is the mass of body (𝑏𝑏) 

  𝛿𝛿�̇�𝑐 is the relative normal translational velocity 

  𝛿𝛿�̇�𝑠 is the relative shear translational velocity 

  𝑛𝑛�𝑐𝑐  contact-plane normal direction 

  �̂�𝑡𝑐𝑐 contact-plane coordinate system (t-axis) 

  �̂�𝑠𝑐𝑐 contact-plane coordinate system (s-axis) 

 

Figure 3.3 - Force-displacement for the linear component of the unbonded linear-based models 
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3.1.2. Other models  

O’Sullivan [20] provides a non-exhaustive review of normal contact models summarises here for 

background, as follows: 

1. Linear Maxwell model: composed of a spring and dashpot arrangement in series where 

both contacting elements can experience the same force but exhibit different deformation 

the sum of which is the total deformation 

2. Linear Kelvin model: the converse of the Maxwell model where the contacting elements 

experience the same deformation but experience different forces, the sum of which is the 

total contact force  

3. Burger’s model: effectively the linear Maxwell model and linear Kelvin model in series 

4. Simplified Hertzian contact model: a model based on Hertzian theory of non-linear elastic 

contact mechanics 

5. Walton-Braun linear model: a hysteretic energy model which models a “ratchet” on the 

dashpot in order to account for dissipation of energy on contact 

3.2. Solutions of particle motion in the discrete element method 

The fundamental principle of the discrete element method is to avoid the solution of the global 

system of equations as prevalent in continuum finite element or finite difference models through 

solution of the dynamic equilibrium of the individual particles. This approach was prevalent in 

molecular dynamics and latterly proposed by Cundall and Strack [22] from the perspective of 

granular assemblies.  

As noted by Zhou et al. [23], the rotational and translational motions of particle 𝑖𝑖 in a system at 

time t, caused by its interactions with neighbouring particles under gravity can be described as 

follows, based on Newton’s law of motion:  

𝑚𝑚𝑖𝑖
𝑑𝑑𝑉𝑉𝑖𝑖
𝑑𝑑𝑡𝑡

= 𝑚𝑚𝑖𝑖𝑔𝑔 + ��𝐹𝐹𝑐𝑐𝑐𝑐,𝑖𝑖𝑖𝑖 + 𝐹𝐹𝑑𝑑𝑐𝑐,𝑖𝑖𝑖𝑖 + 𝐹𝐹𝑐𝑐𝑐𝑐,𝑖𝑖𝑖𝑖 + 𝐹𝐹𝑑𝑑𝑐𝑐,𝑖𝑖𝑖𝑖�
𝑘𝑘𝑖𝑖

𝑖𝑖=1

 

and 
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𝐼𝐼𝑖𝑖
𝑑𝑑𝜔𝜔𝑖𝑖

𝑑𝑑𝑡𝑡
= ��𝑇𝑇𝑖𝑖𝑖𝑖 + 𝑀𝑀𝑖𝑖𝑖𝑖�

𝑘𝑘𝑖𝑖

𝑖𝑖=1

 

Where:  𝑚𝑚𝑖𝑖 is the mass of particle 𝑖𝑖 

  𝐼𝐼𝑖𝑖 is the moment of inertia of particle 𝑖𝑖 

   𝑉𝑉𝑖𝑖 is the translational velocity of particle 𝑖𝑖 

  𝜔𝜔𝑖𝑖 is the rotational velocity of particle 𝑖𝑖 

  𝐹𝐹𝑐𝑐𝑐𝑐,𝑖𝑖𝑖𝑖 and 𝐹𝐹𝑑𝑑𝑐𝑐,𝑖𝑖𝑖𝑖 are contact forces 

  𝐹𝐹𝑐𝑐𝑐𝑐,𝑖𝑖𝑖𝑖 and 𝐹𝐹𝑑𝑑𝑐𝑐,𝑖𝑖𝑖𝑖 are viscous contact damping forces 

  𝑇𝑇𝑖𝑖𝑖𝑖 are torques generated by tangential forces causing particle 𝑖𝑖 to rotate  

  𝑀𝑀𝑖𝑖𝑖𝑖 are the rolling friction torques that oppose the rotation of particle 𝑖𝑖 

  g is the gravitational constant 

The inter-particle forces are assumed to be summed over 𝑘𝑘𝑖𝑖  particles in contact with particle 𝑖𝑖 

dependent on normal and tangential deformations.  

3.3. Allowance for rolling friction 

As noted by Zhou et al. [23], the allowance in the model for rolling friction is debateable given it 

was not included in the Cundall and Strack [22] original work which considered smooth spherical 

(or circular in the two-dimensional condition) particles that offer no resistance to rotation at 

contact points. However, they conjecture that not accounting for rolling friction is unlikely to be a 

valid approach for systems where particle rotation is likely. O’Sullivan [20] outlines two types of 

rolling friction based on the relative axis angular motion occurring about a common tangent plane 

for two contacting particles. The particles can either rotate parallel or orthogonal to this plane.  

Account of the resistance is usually accounted for in the constitutive model through bond but, as 

O’Sullivan notes, this does not account for energy dissipation during spin or resistance to spin. In 

unbonded materials however, rolling friction is derived from geometrical constraints. Models of 
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rolling friction have been proposed by Johnson [24], Iwashita and Oda [25] and Jiang et al. [26, 27]. 

While the work of Johnson [24] is simpler insofar as it proposes a single coefficient of rolling friction 

as the ratio of contact radius to dissipated strain energy per unit area, both Iwashita & Oda [25] 

and Jiang et al. [26, 27] propose models based on a spring, viscous (rotational) dashpot and 

rotational slider arrangement – the Jiang et al. model being an extension of the Iwashita and Oda 

model.   

3.4. Mixing induced by flat blades 

An informative study by Chandratilleke et al. [28] using discrete element modelling examines the 

use of a flat blade in various orientations and under various speeds to effect on granular flow. An 

extract from the study is presented in Figure 3.4 below showing the geometry graphically with 

associated outputs presented in Figure 3.5. The study illustrates a number of important facets 

including the streaming of particles and what is termed recirculating flow, in which flow occurs 

along the slope of the heap in the opposite direction to the main flow of particles, and how it 

relates to mixing kinetics and convective flow.  

In relation to Figure 3.4, the horizontal force (𝐹𝐹ℎ) acting on the blade is considered to be, after the 

work of Bagster and Bridgwater [29], a complex function of several parameters as follows:  

𝐹𝐹ℎ
𝛾𝛾𝐵𝐵2𝐿𝐿𝑏𝑏

= 𝑓𝑓 �
𝑍𝑍
𝐵𝐵

,
𝐿𝐿𝑏𝑏
𝐵𝐵

,
𝐺𝐺
𝐵𝐵

, 𝜂𝜂𝑓𝑓 , 𝜂𝜂𝑤𝑤, 𝜂𝜂,𝜙𝜙,
𝑉𝑉𝑏𝑏2

𝑔𝑔𝐵𝐵
, 𝜀𝜀� 

Where:  𝐿𝐿𝑏𝑏 is the blade length 

  𝐵𝐵 is the projected blade width on the vertical surface 

𝛾𝛾 = 𝜌𝜌 (1 - 𝜀𝜀) 𝑔𝑔 is the bulk specific weight of the bed with 𝜀𝜀 and 𝜌𝜌 representing 

porosity of the bed and density of the particles respectively 

𝐺𝐺 is the clearance of the blade from the bed 

𝜂𝜂𝑓𝑓 is the external angle of friction for particle-to-bed contacts 

  𝜂𝜂𝑤𝑤 is the external angle of friction for particle-blade contacts 
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  𝜂𝜂 is the internal angle of friction for particle-particle contacts 

  𝜙𝜙 is the angle of inclination of the blade from the horizontal 

  𝑉𝑉𝑏𝑏 is the blade speed 

As shown in Figure 3.5 (a) [from Chandratilleke et al. [28]], two of the three streams of particle 

flow (i.e. over the blade, under the blade and recirculating flow) can be distinguished based on the 

average mass flow rate (where MO is mass flow over the blade and MU is mass flow under the 

blade, the total mass flow being denoted MT). Recirculating flow eventually re-joins the main flow 

upstream of the flow. It can also be inferred that the greater the blade speed, the greater the 

convection of particles.  

Less mass flow occurs when the blade is normal to the bed as shown in Figure 3.2(b) [from 

Chandratilleke et al. [28]] for a constant blade speed. This is because for 𝜙𝜙 = 90°, a very long and 

high heap is produced in front to the blade. Where 𝜙𝜙 > 90°, mass flow under the blade becomes 

dominant (unless particles become jammed) and the projected blade height reduces thus the 

horizontal force on the blade continues to reduce with increasing angle of inclination of the blade.  

 
Figure 3.4 - Schematic of flow over the inclined blade 

 

Figure 3.5 - Average mass flow rate as related to blade speed (a) and blade inclination (b) 
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4. Model development 

4.1. Soil mixing concept 

Current industry practice (i.e. EN 14678:2005 [30]) defines the “mixing process” as involving 

mechanical disaggregation of the soil structure and dispersion of binders & fillers in the soil. This 

is undertaken by use of a “mixing tool” defined in the same Code of Practice as a tool used to 

disaggregate the soil, distribute and mix the binder with the soil, consisting of one or several 

rotating units equipped with several blades, arms, paddles with/without continuous or 

discontinuous flight augers. This is further extended as:  

Deep mixing is executed by mechanical disaggregation of the soil using mainly vertical movement 

of rotating mixing unit(s) and introduction of a binder, which is homogenised with the soil during 

the penetration and/or retrieval. The execution of deep mixing can be carried out either by dry or 

wet mixing. In the dry mixing method, the medium of transportation of the binder is normally 

compressed air. In the wet mixing method, the medium of transportation of the binder is normally 

water. 

Control of this process is through the Blade Rotation Number – effectively a measure of the 

number of rotations of the blade / arm / paddle per metre depth of soil treated. The Blade Rotation 

Number itself is a function of the number of blades, penetration & retrieval speed of the tool and 

rate of revolution of the blade(s). The Blade Rotation Number is defined as flows:  

𝐵𝐵𝐵𝐵𝐵𝐵 = �𝑀𝑀�
𝐵𝐵𝑑𝑑
𝑉𝑉𝑑𝑑

+
𝐵𝐵𝑢𝑢
𝑉𝑉𝑢𝑢
� 

Where:  𝐵𝐵𝐵𝐵𝐵𝐵 is the blade rotation number 

  ∑𝑀𝑀 is the total number of mixing blades 

  𝐵𝐵𝑑𝑑 is the rotational speed of the blades during penetration 

  𝑉𝑉𝑑𝑑 is the mixing blade penetration velocity 

  𝐵𝐵𝑢𝑢 is the rotational speed of the blades during retrieval  
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  𝑉𝑉𝑢𝑢 is the mixing blade retrieval velocity 

The Blade Rotation Number is, at best, a crude measure of mixing effort but this notwithstanding 

represents current best practice. Quality control of mixed soil is largely dependent on construction 

trials and post-execution sampling rather than a fundamental understanding of the internal mixing 

mechanisms. Reliance on the Blade Rotation Number has thus been built up institutionally. The 

following are conjectured limitations of the Blade Rotation Number as noted by Kitazume and 

Terashi [31] amongst others in the literature:  

1. No account of how native materials might disaggregate or de-structure during the mixing 

process 

2. No account of transition from material of one geological unit to the other in striated 

materials 

3. No account of variability or magnitude of horizontal pressures acting on the mixing zone 

owing to native soil horizontal stresses which may be substantial depending on geological 

history and overconsolidation stress 

4. No account of variations in blade geometry or rake angle 

5. No account of variable penetration or retrieval rate during construction  

6. No account of the rate or type of binder / filler introduction 

Items 1 and 3 are the particular focus of this study. A fixed geometry and ball arrangement have 

been adopted to model a 1m deep increment of 1.2m diameter mixing arrangement. The 

proposed model is shown in Figure 4.1 below.  

The geometry reflects a full-scale practical situation. The size and number of balls used to 

represent the soil body is limited to 996nr in order to limit computational effort and two average 

ball sizes with limited deviation in ball size to reflect two distinct zones. The balls are generated 

and allowed to consolidate under gravity to form the shape of the container which represents the 

mixing zone.  

The overall intent is to monitor (or trace) the native soil particle (represented as a ball) during the 

mixing process under varying parameters in line with Items 1 and 3 above.  
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Figure 4.1 - Arrangement of proposed model 

4.2. The mixing tool 

The adopted arrangement of the mixing tool is based on a stem and blade arrangement as shown 

in Figure 4.2 below (from the authors own collection). A snippet of code was generated in 

Mathematica® and subsequently exported in order to generate the three-dimensional geometry 

of the tool for use in the modelling effort. This geometry is shown in Figure 4.3. The geometry 

used in the model is significantly simplified for ease of computation and the following is noted in 

particular:  

1. Blades were modelled as being relatively thin to avoid disproportional ball displacement – 

the goal of the modelling is to examine the effect of the mixing effort and, as the available 

computational space is limited, thinner blades will limit disproportional effects both in 

terms of displacement area and overall volume of space available 

2. Similarly, a cone tip has been modelled on the mixing tool. It is considered that the stem is 

too large on plan area to disregard (i.e. modelling of the blades only) but the tip will 

regularise the effect of the stem displacement – it can be considered as a simplification of 

the cutting teeth on the stem used in practice (visible in Figure 4.1) 

3. The tool is modelled as a perfectly rigid element 
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Figure 4.2 - Soil mixing tool 

 

Figure 4.3 - Simplified tool geometry used in the code 
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4.3. DEM model characteristics 

4.3.1. Constitutive model of particles 

PFC has, built-in, a module called the Contact Model Assignment Table (CMAT) which is used to 

specify the constitutive model of mechanical behaviour. In addition to this PFC has built-in contact 

models as outlined in Table 4.1, extracted from Itasca [32].  

Name Behaviour summary 

Null No mechanical interaction 

Linear Linear elastic law with viscous dashpots 

Linear contact bond 
Linear model with contact bonding for bonded-particle 

materials  

Linear parallel bond 
Linear model with parallel bonding for bonded-particle 

materials 

Hertz 
Non-linear elastic law with viscous dashpots for impact 

problems 

Hysteretic 
Non-linear elastic law with viscous dashpots for impact 

problems – direct specification of normal restitution coefficient 

Smooth joint Frictional / bonded interface for bonded-particle materials 

Flat joint 
Faceted / bonded interface with partial damage for bonded-

particle materials 

Rolling resistance friction 
Linear elastic law with viscous dashpots and rolling resistance 

mechanisms for granular applications 

Burger’s 
Creep mechanisms using a Kelvin model and a Maxwell model 

connected in series in both normal and shear directions 

Table 4.1 - PFC built-in contact models 

The model adopted in this study is the Rolling Resistance Friction model as it is considered that 

account of rolling resistance, as outlined in Section 3.4, is appropriate to the soil mixing model 

given the anticipated level of shearing between particles and the overall rotational motion. The 
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model is, thus, consistent with the equations presented in Section 3.1. It is noted that the limiting 

torque is based on the coefficient of rolling friction as discussed in Section 3.3 and an allowance 

can be made for rolling slip where the absolute value of the rolling torques is equal to the limiting 

torque. Table 4.2 below summarises the adopted parameters used in the analyses undertaken for 

this study.  

Parameter Value 

Effective modulus (emod) 1.0 x 106 

Normal-to-shear stiffness ratio (kratio) 2.0 

Friction coefficient (fric) 0.05 

Normal critical damping ratio (dp_nratio) 0.2 

Shear critical damping ratio (dp_sratio) 0.2 

Dashpot mode (dp_mode) 3 

Rolling resistance coefficient (rr_fric)  0.1 

Note: 

The CMAT default slots associated with the model are as follows:  

cmat default model rrlinear method deformability 

Table 4.2 - Summary of adopted parameters for the rolling resistance friction model used in the study 

The choice of parameter for the model, and indeed the model itself, while realistic in terms of 

material properties reflecting soils, are to a large extent arbitrary and are intended to inform this 

study only. There is potential scope to undertake further parametric studies to examine the effect 

of the soil model on the mixing properties. In order to limit the scope of this study, a single model 

and parameter set was adopted as per Table 4.2.  

4.3.2. Model of domain and walls  

Definition is the model domain is constructed to simply encompass the geometry of the problem. 

This includes a condition to destroy any balls falling outside of the domain.  

There are three walls defined in the model used in this study as follows:  

1. Base plane: a plane to define the base of the domain and by extension the container 
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2. Container: a cylinder defined to delineate the mixing zone and contain the balls 

3. Tool: a “wallassembly” to define the mixing tool – this a unified collection of walls made 

up of the stem, tip and blades of the tool 

As noted in Itasca [32], a wall is a manifold surface composed of triangular facets. The surface is 

defined by a mesh. The surface properties of a wall can be specified independently for each facet. 

Mechanical interactions can exist between walls and balls as well as ball-ball contact. Here it is 

consistent with the description presented in Section 3.1. An interaction is created during contact 

detection once a ball extent overlaps with at least one of the facet extents of a wall. This 

interaction holds a list of all contacts between the wall and ball. Contacts exist between the ball 

and each facet whose extent overlaps the ball’s extent. In line with Section 3.1, contact resolution 

is the process by which the contact geometry and conditions are delineated. 

The wall contact point is defined by the point on a facet with a ball-facet contact that is closest to 

the ball centroid. This is shown in Figure 4.4 below, extracted from Itasca [32]. The model used in 

this study assumed full contact – again a factor that could be considered in further parametric 

studies. However, this did facilitate the measurement of wall contact force (a measure of the 

magnitude of the force on the wall arising for contacts) which is considered analogous to imposed 

lateral outward stress arising from the mixing action.  

 

Figure 4.4 - Definition of the overlap, Ub
B,W, the wall contact point, WPb, and the contact point, CPb, for a contact 

with facet  



A. O’Brien                                                      A simplified parametric study of particle trace in soil mixing simulations using discrete element modelling 

25 

4.4. Simulations in PFC 3D 5.0 

The code developed to run the model was developed in PFC directly using the in-built FISH 

language. The code was designed to operate simply applying functions in an incremental fashion. 

As noted above with regards to potential for further parametric studies, the FISH routine is 

presented in Appendix A and is amenable to future development. Pseudocode representing the 

model simulation is as follows:  

1 new 

2 set random 10001 ;seed for random number generator 

3 title 'Soil mixing parametric study' 

4 define container and balls attributes 

5 contact model properties 

6 tool control parameters (BRN & tool penetration velocity) 

7 set domain extent and boundary conditions 

8 set the CMAT default slots 

9 import mixing tool geometry 

10 generate the base plane and the container 

11 tool revolutions based on BRN 

12 distribute balls inside the container region 

13 identify trace particles and generate histories 

14 bring to rest under gravity loading (initial normal consolidation) 

15 solve 

16 activate tool and mix 

17 solve time 

18 save end_Mixing 
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5. Summary of modelling insights 

A summary of code outputs is presented in Appendix B. These are presented graphically for four 

selected particles that have been deemed to represent the range of the particle domain. These 

are particles 264, 255, 97 & 113 as shown in Figure 5.1 below. The particles were selected for trace 

to represent the inner and outer upper half of smaller particles (particles 255 & 264) and the inner 

and outer lower half of larger particles (particles 113 & 97).  

 

Figure 5.1 - Particles adopted for tracing 

5.1. Qualitative observations from particle trace 

Figure 5.2 below presents a summary of the graphical output for the particle tracing undertaken 

for Particle 255, adopted here to generate some qualitative observations from the study. Figure 

5.3 presents the graphical representation of the x-, y- & z-axis movements of this trace. The 

graphics in both figures present the findings for all of the blade rake angles (0°, 5° & 10°) and all 

Blade Rotation Numbers (5, 25, 50, 100, 300, 500), i.e. the BRN, examined. It is noted that the 

lower BRNs (i.e. <100) are substantially less than normally used in practice. The rake angles are in 

255 

264 

113 

97 
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line with common tool geometries with the exception of the flat blade (0° rake) which, in practice, 

would not promote initial cutting to penetrate the ground surface.  

It should be noted in relation to Figure 5.3, that the y-axis of the charts are fixed quantities for 

consistency of displaying the magnitude of the movement but the x-axis is variable owing to the 

overall number of timesteps as BRN increases (the total number of timesteps for BRN = 5 is approx. 

1x105 whereas for BRN = 500, the total number is approx. 3x106). An additional note is that the 

velocity of the tool penetration is constant as is the rate of blade rotation. Therefore, the x-axis 

can be considered analogous to the time for penetrating the depth of the container.  

It should be further noted that the initial movement presented on the graphs is associated with 

the consolidation of the particles after they are generated. The particles are allowed to settle and 

come to rest under gravity.  

The following observations can be made for Particle 255:  

1. As would be anticipated, net movement of the particle increases with increasing BRN. As 

BRN increases the particle motion tends to become increasingly synchronous to the 

movement of the tool.  

2. It can be seen from the trace graphics that the effect of the second blade is diminished at 

very low BRN. 

3. With increasing BRN, there is a tendency for the particle to move outwards (away from the 

tool stem). However, this trend becomes less stable with BRN of 300 and 500 where the 

particle begins to move cyclically outwards and inwards. The effect appears to be less 

pronounced at the higher blade rake angle of 10 degrees. 

4. Movement in the z-direction tends to be greater in magnitude with increased rake angle 

of the blade. It is also noted than in the initial rotations of the blades there is a tendency 

for positive (i.e. upward) movement prior to negative (downward movement) which is 

predominant.  

5. There appears to be some cyclicality of z-axis movement at higher BRN but it is not 

generally consistent or clearly defined.  
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Figure 5.2 - Particle 255 trace for blade rakes and BRNs 

Blade @ 0 degrees Blade @ 5 degrees Blade @ 10 degrees 

BRN = 5 

BRN = 25 

BRN = 50 

BRN = 100 

BRN = 300 

BRN = 500 
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Blade @ 0 degrees Blade @ 5 degrees Blade @ 10 degrees 

BRN = 5 

BRN = 25 

BRN = 50 

BRN = 100 

BRN = 300 

BRN = 500 

Figure 5.3 - Particle 255 graphical representation of movement in x-, y- & z-directions versus timestep 
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5.2. Qualitative observations from particle velocity  

A summary of particle velocity is presented in Figure 5.4 for particles 255 (yellow) & 264 (blue), 

respectively the innermost and outermost particles in the upper finer particles. The following 

observations can be made:  

1. The magnitude of particle velocity increases with increasing angle of rake of the blades and 

increases with increasing BRN 

2. There is an initial out-of-phase of velocity between particle 255 and 264 when the second 

blade engages the particles following the penetration of the first blade 

3. In general, particle 264 (outermost) experiences higher velocity and this appears to be 

more pronounced at high blade rake 

4. There is a discernible trend of increasing particle velocity with increasing timestep (and 

thus increasing with increasing penetration of the mixing tool). A discernible change in 

particle velocity occurs towards the end of the mixing period when the tool wholly engages 

the lower (larger) particles 

5. As the BRN increases the velocity profile with time (and increasing penetration) it is 

characterised by more volatility, with a greater frequency of high magnitude spikes in 

velocity 

5.3. Qualitative observations from container contact force 

A summary of contact force on the radial container is presented in Figure 5.5. The following 

observations can be made:  

1. Following the initial spikes in contact force with penetration of the two mixing blades, the 

contact force trends towards a constant value. The constant value towards which the 

contact force trends is consistent with the ambient contact force following the 

consolidation of the particles 

2. The magnitude of the initial spikes in contact force with the blade penetration is 

substantially higher with increased blade rake angle but appears highest with a rake angle 

of 5 degrees. The rake of 10 degrees appears marginally, but consistently, less  
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Blade @ 0 degrees Blade @ 5 degrees Blade @ 10 degrees 

BRN = 5 

BRN = 25 

BRN = 50 

BRN = 100 

BRN = 300 

BRN = 500 

Figure 5.4 - Particle 255 / 264 velocity versus timestep summary 
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Blade @ 0 degrees Blade @ 5 degrees Blade @ 10 degrees 

BRN = 5 

BRN = 25 

BRN = 50 

BRN = 100 

BRN = 300 

BRN = 500 

Figure 5.5 - Container contact force versus timestep summary 



A. O’Brien                                                      A simplified parametric study of particle trace in soil mixing simulations using discrete element modelling 

33 

6. Summary of conclusions 

6.1. Main conclusions of modelling insights 

At lower BRN, it is observed that the particle movement becomes synchronous with the tool 

rotation and the general tendency for the particle to move outwards. However, at BRN of 300 and 

500, there is a change in this behaviour wherein the lateral motion tends to alternately move 

towards and away from the stem. This is highlighted in Figure 6.1 below and it can be seen that 

the effect is more pronounced in the upper particles (255/264) than the lower (113/97) as they 

have been engaged by the mixing tool more extensively and for a longer time.  

This observation may, to a degree, explain why institutional practice promotes higher BRN. 

Introduction of binder in the soil mixing process and motivation of full coverage of the binder to 

the disaggregated native soil promotes higher quality mixed soil as the binder covers more specific 

surface. The cyclical lateral migration of the soil away from and back towards the stem would be 

a beneficial behaviour in terms of binder coverage.  

A similar, but less reliable, pattern of cyclical movements in the z-direction (i.e. up and down) is 

also seen at higher BRN. However, there is evidence that this behaviour is subject to additional 

effects possibly accounting for variations in the observations. This is likely owing to contractive 

and dilative behaviour of the particles as they move over each other, noting that the simulations 

were run with a tight packing (porosity of 0.3) and thus dilative behaviour would be promoted.  

The upper particles (255/264) express net dilative behaviour initially when the blades engage and 

revert to net contractive behaviour with increasing timesteps / tool penetration but with 

fluctuations to net dilative behaviour in the later timesteps. The lower particles express, in 

contrast, express net contractive behaviour in the early timestep, only experiencing dilative 

behaviour in later timesteps as the blades are engaged directly. This is a general observation 

however and there appears to be a higher degree of complexity in z-direction movement in 

comparison to the lateral (x-direction / y-direction) movement. Figure 6.1 is marked-up to 

highlight these observations.   
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The primary observation with the blade rake is around particle velocity which increases in 

magnitude with increasing blade rake. Intuitively, this would be anticipated as there is greater 

potential for mobilisation of materials with increasing rake. It is also noted that there is a trend in 

increasing particle velocity with increasing BRN, though summarily the magnitude appears to be 

more sensitive to the blade rake increase than the BRN increase.  

Figure 6.1 - Particle motion for particles 255/264/113/97 for BRN=300 and 5° blade rake 

 

Lateral behaviour 

Dilative 

Contractive 



A. O’Brien                                                      A simplified parametric study of particle trace in soil mixing simulations using discrete element modelling 

35 

Similarly, with the wall (container) contact force, the higher blade rake induces a greater 

magnitude during initial contact of the blades. However, there appears to be an optimal or limiting 

magnitude here – 5 degrees of blade rake expresses higher spikes in contact force than 10 degrees. 

In all cases, the contact force reverts back to a constant value slightly less than the ambient initial 

contact force (after initial particle consolidation and before blade contact). Figure 6.2 highlights 

these observations for a BRN of 300 and blade rake of 5 degrees.  

 

Figure 6.2 - Contact force behaviour 

6.2. Limitations of the work presented 

There are a number of limitations in the work presented here which should be noted. They are 

summarised as follows:  

1. It is considered that the model procedure here requires further development to account 

for aspects of soil mixing in practice which have not been modelled. In particular, the 

automated timestep procedure, native to the PFC software, was used to simulate the tool 

rotation. This resulted in a slow rate of revolutions per minute with corresponding slow 

Initial contact force 

First blade fully engaged  

Second blade fully engaged  

Trend towards contact 

force less than initial 
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tool penetration in order to engender the BRN required. Adopting real-time revolutions 

per minute used in practice would result in instability of the computation of particle motion 

solutions resulting, essentially, in particles flying from the model and out of the domain to 

be destroyed. In consideration of convective shear flow of particles, the speed of mixing 

modelled will likely not capture salient effects.  

2. Reconciliation of the BRN with regards to the depth of the cylinder was adopted to ensure 

the majority of particles were influenced by the mixing tool and the number of blade 

rotations appropriate to the BRN. The geometry of the container was adopted to maximise 

the number of particles and allow for reasonable computation time. In consideration of 

the BRN being a measure of the number of blade rotations per 1m depth of mixed material, 

arguably a better approach would be to try to model a container well in excess of 1m and 

adopting the middle 1m depth as the study area. It is considered however, that the size of 

particle needed to engender this approach would be excessively large for a reasonable 

computation time, particularly at higher BRNs, more reflective of industry practice.  

3. The observations presented here, particularly around particle velocity, should be taken in 

the context of no binder or filler being added to the container during the mixing effort. 

Intuitively, additional of particles, however finer, would have a material effect on the 

velocity at which native particles could be moved, particularly in later stages of the mixing 

effort. Therefore, the study here might be more accurately considered a study in the 

disaggregation of native soil during the soil mixing process rather than a soil mixing study 

per se.  

6.3. Recommendations for further work 

Clearly, resolution of the limitations outlined above is a natural target of further study. In addition, 

it has been recommended throughout this work that there is scope and merit in consideration of 

additional parametric studies, in particular around the constitutive model used in the simulations. 

However, as this study began with a quote from George Box, so it will close in consideration of 

future work. Extracted from his seminal paper “Science and Statistics” published in the Journal of 

the American Statistical Association in 1976 (Vol. 71, pp. 791-799):   
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“Since all models are wrong the scientist cannot obtain a "correct" one by excessive elaboration. 

On the contrary following William of Occam he should seek an economical description of natural 

phenomena. Just as the ability to devise simple but evocative models is the signature of the great 

scientist so over-elaboration and over-parameterisation is often the mark of mediocrity”.
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Appendix A  

Appendix A – PFC FISH routine used in analyses



1   ; fname: Mixing_10deg.p3dat
2   
3   new
4   
5   set random 10001 ;seed for random number generator
6   
7   title 'Soil mixing parametric study'
8   
9   ; container and balls attributes
10   [cyl_rad    =  0.675] ; container radius [m]
11   [cyl_height =  1.0] ; container height [m] 
12   [ravg1       =   0.05] ; ball average radius for finer particles [m] 
13   [ravg2       =   0.1] ; ball average radius for coarser particles [m] 
14   [rdev       =   0.01] ; ball relative radius deviation [-]
15   [dens       =   1800 ] ; ball density  [kg/m^3]
16   [poros      =   0.3] ; initial porosity [-]
17   
18   ; contact model properties
19   [emod   = 1.0e6]
20   [kratio = 2.0  ]
21   [fric   = 0.05 ]
22   [dpnr   = 0.2  ]
23   [dpsr   = 0.2  ]
24   [dpm    = 3    ]
25   [rfric  = 0.1  ]
26   
27   ;tool control parameters
28   [BRN=500] ;blade rotation number
29   [nrBlades = 2] ;check against wall assembly for tool (are lines 57 & 58 active?) 
30   [revpm = 0.4] ;fixed quantum (1 revolution per 2 units mechanical time)
31   [tool_vel = revpm/(BRN/nrBlades)] ; penetration speed
32   
33   ; set domain extent and boundary conditions
34   domain extent [-4.0*cyl_rad] [4.0*cyl_rad]  ...
35                 [-4.0*cyl_rad] [4.0*cyl_rad]  ...
36                 [-4.0*cyl_rad] [4.0*cyl_rad]  ...
37          condition destroy
38   
39   ; set the CMAT default slots
40   cmat default model rrlinear method deformability           ...
41                                          emod        @emod   ...
42                                          kratio      @kratio ...
43                                 property fric        @fric   ...
44                                          dp_nratio   @dpnr   ...
45                                          dp_sratio   @dpsr   ...
46                                          dp_mode     @dpm    ...
47                                          rr_fric     @rfric        
48   
49   ; import mixing tool geometry
50   wall resolution full
51   wall import filename st110deg.stl id 1000 ;stem
52   wall import filename t110deg.stl id 1001 ;tip
53   wall import filename b110dega.stl id 1002 ;first blade left
54   wall import filename b110degb.stl id 1003 ;first blade right
55   wall import filename b210dega.stl id 1004 ;second blade left
56   wall import filename b210degb.stl id 1005 ;second blade right
57   ;wall import filename b310dega.stl id 1006 ;third blade left
58   ;wall import filename b310degb.stl id 1007 ;third blade right
59   wall group wallassembly 
60   wall activeside top range name wallassembly
61   
62   ; generate the base plane and the container
63   wall generate id 1               ... 
64                 name 'base_plane'  ...
65                 plane
66   
67   wall generate id 100                ...
68                 name 'container'      ...
69                 cylinder              ...
70                   base (0.0,0.0,0.0)  ...
71                   axis (0.0,0.0,0.1)  ...



72                   height @cyl_height  ...
73                   radius @cyl_rad     ...
74                   cap false true      ...
75                   onewall
76   
77   
78   ;tool revolutions based on BRN
79   def setup(rpm)
80     global rp_   = vector(0,0,0) ;rotation point
81     global spin_ = vector(0,0,1)*math.pi ;axis of rotation
82     global pen_ = -tool_vel ;negative tool velocity for penetration
83   end
84   @setup(360);1.132nr revolutions per minute
85   
86   ;distribute balls inside the container region
87   ;layer of finer particles
88   ball distribute porosity @poros                                   ...
89                   resolution @ravg2                                 ...  
90                   radius [1.0-0.5*rdev] [1.0+0.5*rdev]              ...
91                   box [-1.0*cyl_rad] [1.0*cyl_rad]                  ... 
92                       [-1.0*cyl_rad] [1.0*cyl_rad]                  ...
93                       0.0 [cyl_height*0.5]                          ...
94                   range cylinder end1   (0.0,0.0,0.0)               ...
95                                  end2   (0.0,0.0,[cyl_height*0.5])  ...
96                                  radius @cyl_rad                    ...
97                                  extent
98   
99   ;layer of coarse particles
100   ball distribute porosity @poros                                   ...
101                   resolution @ravg1                                 ...  
102                   radius [1.0-0.5*rdev] [1.0+0.5*rdev]              ...
103                   box [-1.0*cyl_rad] [1.0*cyl_rad]                  ... 
104                       [-1.0*cyl_rad] [1.0*cyl_rad]                  ...
105                       [cyl_height*0.5] [cyl_height*1.0]             ...
106                   range cylinder end1   (0.0,0.0,[cyl_height*0.5])  ...
107                                  end2   (0.0,0.0,[cyl_height*1.0])  ...
108                                  radius @cyl_rad                    ...
109                                  extent
110   
111   
112   ; identify trace particles and generate histories
113   ball trace id 427
114   ball history xdisplacement id 427
115   ball history ydisplacement id 427
116   ball history zdisplacement id 427
117   ball history velocity id 427
118   ball trace id 264
119   ball history xdisplacement id 264
120   ball history ydisplacement id 264
121   ball history zdisplacement id 264
122   ball history velocity id 264
123   ball trace id 467
124   ball history xdisplacement id 467
125   ball history ydisplacement id 467
126   ball history zdisplacement id 467
127   ball history velocity id 467
128   ball trace id 20
129   ball history xdisplacement id 20
130   ball history ydisplacement id 20
131   ball history zdisplacement id 20
132   ball history velocity id 20
133   ball trace id 97
134   ball history xdisplacement id 97
135   ball history ydisplacement id 97
136   ball history zdisplacement id 97
137   ball history velocity id 97
138   ball trace id 116
139   ball history xdisplacement id 116
140   ball history ydisplacement id 116
141   ball history zdisplacement id 116
142   ball history velocity id 116



143   ball trace id 113
144   ball history xdisplacement id 113
145   ball history ydisplacement id 113
146   ball history zdisplacement id 113
147   ball history velocity id 113
148   ball trace id 255
149   ball history xdisplacement id 255
150   ball history ydisplacement id 255
151   ball history zdisplacement id 255
152   ball history velocity id 255
153   ball trace id 373
154   ball history xdisplacement id 373
155   ball history ydisplacement id 373
156   ball history zdisplacement id 373
157   ball history velocity id 373
158   
159   wall history contactforce id 100 ;what is the contact force on the container
160   
161   ; bring to rest under gravity loading (initial normal 

consolidation)                                     
162   ball attribute density @dens damp 0.7
163   ball attribute damp 0.0
164   set gravity 9.81
165   solve
166   
167   ; activate tool and mix
168   wall attr centrotation @rp_ range group wallassembly
169   wall attr spin @spin_ range group wallassembly
170   contact property fric @fric rr_fric @rfric
171   wall attr zvelocity @pen_ range group wallassembly
172   solve time [cyl_height/tool_vel]
173   
174   save end_Mixing_10deg
175   
176   ;==============================================================================
177   ; eof: Mixing_10deg.p3dat
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B.1 – Particle trace: blade rake @ 0 degrees, BRN = 5
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B.2 – Particle trace: blade rake @ 0 degrees, BRN = 25
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B.3 – Particle trace: blade rake @ 0 degrees, BRN = 50
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B.4 – Particle trace: blade rake @ 0 degrees, BRN = 100
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B.5 – Particle trace: blade rake @ 0 degrees, BRN = 300
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B.6 – Particle trace: blade rake @ 0 degrees, BRN = 500
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B.7 – Particle trace: blade rake @ 5 degrees, BRN = 5
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B.8 – Particle trace: blade rake @ 5 degrees, BRN = 25 
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B.9 – Particle trace: blade rake @ 5 degrees, BRN = 50 
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B.10 – Particle trace: blade rake @ 5 degrees, BRN = 100
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B.11 – Particle trace: blade rake @ 5 degrees, BRN = 300
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B.12 – Particle trace: blade rake @ 5 degrees, BRN = 500
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B.13 – Particle trace: blade rake @ 10 degrees, BRN = 5



A. O’Brien                                                      A simplified parametric study of particle trace in soil mixing simulations using discrete element modelling  
 

 

 

 

  

  

B.14 – Particle trace: blade rake @ 10 degrees, BRN = 25
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B.15 – Particle trace: blade rake @ 10 degrees, BRN = 50
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B.16 – Particle trace: blade rake @ 10 degrees, BRN = 100
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B.17 – Particle trace: blade rake @ 10 degrees, BRN = 300
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B.18 – Particle trace: blade rake @ 10 degrees, BRN = 500
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B.19 – Particle displacement: blade rake @ 0 degrees, BRN = 5
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B.20 – Particle displacement: blade rake @ 0 degrees, BRN = 25
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B.21 – Particle displacement: blade rake @ 0 degrees, BRN = 50
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B.22 – Particle displacement: blade rake @ 0 degrees, BRN = 100
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B.23 – Particle displacement: blade rake @ 0 degrees, BRN = 300
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B.24 – Particle displacement: blade rake @ 0 degrees, BRN = 500
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B.25 – Particle displacement: blade rake @ 5 degrees, BRN = 5
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B.26 – Particle displacement: blade rake @ 5 degrees, BRN = 25
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B.27 – Particle displacement: blade rake @ 5 degrees, BRN = 50
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B.28 – Particle displacement: blade rake @ 5 degrees, BRN = 100
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B.29 – Particle displacement: blade rake @ 5 degrees, BRN = 300
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B.30 – Particle displacement: blade rake @ 5 degrees, BRN = 500
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B.31 – Particle displacement: blade rake @ 10 degrees, BRN = 5
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B.32 – Particle displacement: blade rake @ 10 degrees, BRN = 25
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B.33 – Particle displacement: blade rake @ 10 degrees, BRN = 50
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B.34 – Particle displacement: blade rake @ 10 degrees, BRN = 100
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B.35 – Particle displacement: blade rake @ 10 degrees, BRN = 300
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B.36 – Particle displacement: blade rake @ 10 degrees, BRN = 500
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B.37 – Particle velocity: blade rake @ 0 degrees, BRN = 5
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B.38 – Particle velocity: blade rake @ 0 degrees, BRN = 25
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B.39 – Particle velocity: blade rake @ 0 degrees, BRN = 50
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B.40 – Particle velocity: blade rake @ 0 degrees, BRN = 100
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B.41 – Particle velocity: blade rake @ 0 degrees, BRN = 300
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B.42 – Particle velocity: blade rake @ 0 degrees, BRN = 500
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B.43 – Particle velocity: blade rake @ 5 degrees, BRN = 5
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B.44 – Particle velocity: blade rake @ 5 degrees, BRN = 25
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B.45 – Particle velocity: blade rake @ 5 degrees, BRN = 50
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B.46 – Particle velocity: blade rake @ 5 degrees, BRN = 100
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B.47 – Particle velocity: blade rake @ 5 degrees, BRN = 300
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B.48 – Particle velocity: blade rake @ 5 degrees, BRN = 500
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B.49 – Particle velocity: blade rake @ 10 degrees, BRN = 5
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B.50 – Particle velocity: blade rake @ 10 degrees, BRN = 25
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B.51 – Particle velocity: blade rake @ 10 degrees, BRN = 50
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B.52 – Particle velocity: blade rake @ 10 degrees, BRN = 100
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B.53 – Particle velocity: blade rake @ 10 degrees, BRN = 300
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B.54 – Particle velocity: blade rake @ 10 degrees, BRN = 500
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B.55 – Wall contact force: blade rake @ 0 degrees, BRN = 5 

 

B.56 – Wall contact force: blade rake @ 0 degrees, BRN = 25 
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B.57 – Wall contact force: blade rake @ 0 degrees, BRN = 50 

 

B.58 – Wall contact force: blade rake @ 0 degrees, BRN = 100 
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B.59 – Wall contact force: blade rake @ 0 degrees, BRN = 300 

 

B.60 – Wall contact force: blade rake @ 0 degrees, BRN = 500 
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B.61 – Wall contact force: blade rake @ 5 degrees, BRN = 5 

 

B.62 – Wall contact force: blade rake @ 5 degrees, BRN = 25 
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B.63 – Wall contact force: blade rake @ 5 degrees, BRN = 50 

 

B.64 – Wall contact force: blade rake @ 5 degrees, BRN = 100 
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B.65 – Wall contact force: blade rake @ 5 degrees, BRN = 300 

 

B.66 – Wall contact force: blade rake @ 5 degrees, BRN = 500 
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B.67 – Wall contact force: blade rake @ 10 degrees, BRN = 5 

 

B.68 – Wall contact force: blade rake @ 10 degrees, BRN = 25 
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B.69 – Wall contact force: blade rake @ 10 degrees, BRN = 50 

 

B.70 – Wall contact force: blade rake @ 10 degrees, BRN = 100 



A. O’Brien                                                      A simplified parametric study of particle trace in soil mixing simulations using discrete element modelling  
 

 

 

 

 

B.71 – Wall contact force: blade rake @ 10 degrees, BRN = 300 

 

B.72 – Wall contact force: blade rake @ 10 degrees, BRN = 500 
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